Studies on the heavy-fermion pyrochlore iridate (Pr2Ir2O7) point to the role of time-reversalsymmetry breaking in geometrically frustrated Kondo lattices. With this motivation, here we study the effect of Kondo coupling and chiral spin liquids in a frustrated J1 − J2 model on a square lattice. We treat the Kondo effect within a slave-fermion approach, and discuss our results in the context of a proposed global phase diagram for heavy fermion metals. We calculate the anomalous Hall response for the chiral states of both the Kondo destroyed and Kondo screened phases. Across the quantum critical point, a reconstruction of the Fermi surface leads to a sudden change of the Berry curvature distribution and, consequently, a jump of the anomalous Hall conductance. We discuss the implications of our results for the heavy-fermion pyrochlore iridate and propose an interface structure based on Kondo insulators to further explore such effects.
Introduction. Heavy fermion metals are prototypical systems to study quantum criticality [1, 2] . The simplest model to describe these systems is a Kondo lattice, which comprises a lattice of local moments and a band of conduction electrons. The local moments are coupled to each other by the Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions, and are simultaneously connected to a band of conduction electrons through an antiferromagnetic (AF) Kondo exchange interaction (J K ). In recent years, it has been realized that the effect of geometrical frustration is a potentially fruitful but relatively unexplored frontier in this context. From a theoretical perspective, geometrical frustration enhances G, the degree of quantum fluctuations in the magnetism of the local-moment component, and a J K − G phase diagram at zero temperature has been advanced [3, 4] . Figure (1a) illustrates the proposed global phase diagram [3] . From a materials perspective, there is a growing effort in synthesizing frustrated Kondo-lattice compounds [5] [6] [7] [8] [9] [10] .
The pyrochlore Kondo lattice compound Pr 2 Ir 2 O 7 is one such example. Both the measured magnetic susceptibility and specific heat [10] suggest the presence of Kondo coupling between the Ir d-electrons and the local f -moments of Pr. No magnetic order is found down to very low temperatures, signaling the possibility that the local f -moments of Pr develop a quantum spin liquid (QSL) ground state [10] . In addition, experiments found a sizeable zero-field anomalous Hall effect (AHE) [11, 12] , revealing a spontaneous time-reversalsymmetry-breaking (TRSB) state. Equally important, the Grüneissen ratio is found to be divergent [13] , indicating the proximity to a quantum critical point (QCP).
The anomalous Hall effect of Pr 2 Ir 2 O 7 is of considerable theoretical interest [14] [15] [16] [17] [18] [19] . However, with a few exceptions [20] , the important role of the Kondo effect has not been discussed in this context, and neither has its relationship with the observed quantum criticality.
These issues are important, not only for elucidating the anomalous Hall effect, but also because they provide a setting to further our understanding on the quantum phases and their transitions in geometrically-frustrated heavy fermion metals [21] . Given the complexity of the three-dimensional pyrochlore lattice, it is important to gain insights from related but simpler models.
In this letter, we study the frustrated J 1 − J 2 quantum Heisenberg model on a square lattice with Kondo coupling to conduction electrons. We study the model with a strong frustration, where a chiral spin liquid (CSL) phase [22] becomes energetically competitive in a large-N limit. We develop the method to study the AHE in both a Kondo-destroyed (P S ) and a Kondo-screened (P L ) paramagnetic phase. We show that each phase may have a sizable AHE. Moreover, across a QCP between two such phases, there is a jump of the AHE because of the sudden change to the Berry curvature distribution induced by a reconstruction of the Fermi surface.
Frustrated Kondo lattice model and its paramagnetic phases. We study the following Hamiltonian:
To study the QSL states, we use the Schwinger fermion representation for the f -moments S i = The HS fields are defined as χ ij = α f † iα f jα and
Both can be decomposed into amplitudes and phases: χ ij = ρ ij e iAij , π i = ρ K,i e iA K,i . The Kondo parameter π i can be taken to be real by absorbing its phase into the constraint field λ i [24] , i.e.
We focus on the π-flux and the CSL states. For the π-flux phase,
xi π/2, ρ ri,ri+x+ŷ = 0, where r i = (x i , y i ),x (ŷ) is the unit vector along the x(y)-axis. For the CSL Hamiltonian, H QSL = H CSL is derived from
xi π/2. The phase structures of the χ fields are plotted in Fig. (1c) (π-flux) and (1d) (CSL). We minimize the total energy of Eq. (2) with respect to the amplitudes of the link fields ρ ij s and ρ K,i s. The phase diagram is shown in Fig. (1b) , where the red (solid) and blue (dashed) lines respectively mark a first-order phase transition and a crossover. It shows that both the fluxstate and the chiral-state solutions can be stabilized, i.e. having lower energies than the unhybridized phase, for J K larger than some critical J K,c . The flux phase solution has the lowest energy when stabilized, signaling that the Kondo coupling favors the gapless states. For the pyrochlore lattice, the CSL state is the gapless one [25] , and our result here strongly suggests that a similar chiral state could be the ground state on the pyrochlore lattice with Kondo coupling.
We have therefore been motivated to study the anomalous Hall effect (AHE) across a second-order Kondodestruction P s -chiral to P L -chiral phase transition. This is illustrated in Fig. (2a) , where we will consider a powerlaw form for the Kondo hybridization amplitude:
for J K > J K,c and ρ K = 0, for J K < J K,c . For definiteness, we take J K,c as the value where the P L -chiral state is energetically competitive (the blue line in Fig. (1b) ), and ρ r the saturation value of ρ K . Both values are adopted from the self-consistent calculation for a given set of (n d , J 1 ). We proceed to show that a zero-field AHE arises in both of the chiral P S,chiral and P L,chiral phases. Conduction electrons coupled to the spin chirality and AHE in the Kondo destroyed phase. In the Kondodestroyed P S phase, the static hybridization amplitude vanishes, ρ K,i = 0. However, we show that there are TRSB terms in the effective interactions among the conduction electrons, which are mediated by the spinons via Kondo couplings. Such terms yield a zero-field AHE.
We now set out to single out the TRSB terms. Because the CSL of the J 1 −J 2 model is gapped, the effective interactions among the conduction electrons are short-ranged. We now recognize that the TRSB order parameter of the CSL is the spin chirality,
where the indices {i, j, k} indicate the three sites of an elementary triangle of the lattice. In the CSL state,
On symmetry grounds, we expect E ijk to be coupled to the composite chiral operator of the conduction electrons,
With this guidance, we obtain the coupling from integrating out the f -fermions and expanding in powers of J K ; this can be represented by triangular diagrams (Supplemental Material), similar to what is used in deriving a chiral current. We find
The chiral interactions appearing in H chiral have a sixfermion form, which can be decoupled by a HS transformation. The details are given in the Supplementary Material. We end up with an effective bilinear theory:
with
The φ-fields are constrained by the condition that, if they are integrated out, we obtain the same chiral interaction terms at O(g 3 ) by computing exactly the same triangle diagrams. We then replace φ * j φ i by its expectation value G φ,ij and have
It turns out that G φ,ij = e −iAij , and g can be identified as g = J K (|E ijk |/2) 1/3 . Because the bosonic Gaussian integral has a minus sign relative to its fermionic counterpart, G φ,ij carries the opposite flux pattern in order to produce the same H chiral when we integrate out the φ-fields. Physically, the flux (or chirality) pattern has the opposite sign to that of the CSL state, so that the antiferromagnetic Kondo coupling will lower the ground state energy. This effective Hamiltonian is adequate for qualitatively describing the AHE physics of our original Hamiltonian. Other non-chiral effective interactions would only renormalize the Fermi liquid parameters of the d-electrons for the P S phase. We can then use the Streda formula [26, 27] :
to compute the AHE coefficient σ xy , with v a (k) = ∂ a H d (k) being the current operator of the conduction electrons, F xy n (k) the Berry curvature, f ( n (k)) the Fermi function, and both and e taken to be 1. AHE in the Kondo screened phase. In the P L phase, the Kondo order parameter ρ K,i acquires a non-zero expectation value ρ K = ρ K,i . There should still be an incoherent piece of the slave boson fields: ρ K,i = ρ K + π i . Moreover, we focus on the case where the chiral order survives in the P L phase. By considering the same triangular diagrams now mediated by the incoherent part π i s, the fluctuations of the Kondo order parameter still mediate chiral interactions similarly as in the P S phase, but with a reduced weight. However, there is no spectral sum rule for the π i s to readily obtain this reduced weight. In the Supplemental Material, we use a slave rotor approach for the periodic Anderson model to determine this factor. The effective chiral interaction becomes
where U is the onsite Hubbard repulsion. We fix U = 16t, i.e. twice as the d-electron's bandwidth through all the calculations. As a result, the effective Hamiltonian of the d-electrons becomes
Keeping only ρ K part of H K , the Kondo screened chiral phase is described by the following effective Hamiltonian:
where I is an identity matrix, and
. Note that here we drop the spin index for the theory contains no spin flip term now. We stress that the above Hamiltonian H P L is smoothly connected with H d at the QCP. We can then use the Streda formula Eq. (9) to compute σ AH xy . The current operators we use are still those of the conduction electrons, i.e. v a (k) = ∂ a H d (k).
AHE and its evolution across the Kondo-destruction QCP. We now show the results as a function of J K in Fig. (2) for two representative parameter-sets with n d = 0.5, J 1 = t (Fig. (2b) ) and n d = 0.75, J 1 = t (Fig. (2c) ). In the P S phase, σ AH,P S xy is monotonic, and increases with increasing Kondo coupling strength J K , whereas in the P L phase, σ AH xy generally is not monotonic. Our results display an additional key feature, namely σ AH xy jumps across the QCP. Even though in the Streda formula, σ AH xy is computed as a bulk integral, it is intrinsically a Fermi surface property [28] (other than contributions from fully occupied bands). This is illustrated by the nonanalytic reconstruction of the total Berry curvature distribution n F xy n (k)f ( n (k)), as shown in Fig. (3) . Across the QCP, the Fermi-surface jump is accompanied by a non-analytic reconstruction of the quasiparticle wavefunctions. It is seen that, in both cases, the Berry curvature distribution is concentrated near their respective Fermi surfaces. Discussion. In the Kondo-destroyed P S phase, the fmoments' chirality acts as an external "source field" inducing a mirror spin chirality in the conduction electrons sector, with J K being the coupling strength. The resulting zero field AHE, σ AH xy , naturally grows with the increasing J K . Across the QCP, the continuous onset of the Kondo resonance leads to a singular reconstruction of the Fermi surfaces and Berry curvatures, yielding a jump of σ AH xy across the QCP. This bears a similarity with the normal Hall effect of a conventional antiferromagnetic heavy fermion material, which was shown to jump in the zero-temperature limit as a consequence of a sudden change of the Fermi surface volume [29] . Our results can be tested in Pr 2 Ir 2 O 7 , once a control parameter is identified to tune across the zero-field QCP [13] .
We note that the anomalous Hall conductance from the mechanism advanced here is typically on the order of a few percent of the quantum unit σ 0 = e 2 /h (Fig. (2) ). This is comparable to that observed in Pr 2 Ir 2 O 7 [12] , in which the maximal sheet σ AH xy can be estimated to be about 0.7% of σ 0 .
We have emphasized the role of the Kondo effect (and its destruction). More realistically, future work should go beyond the lattice we have studied which, while featuring geometrical frustration, is simplified compared with that of Pr 2 Ir 2 O 7 , as well as incorporate the non-Kramers nature of the ground-state crystal-field level of the Pr ions [20, 30] and more realistic forms of the conductionelectron bandstructure. However, we expect our conclusion to remain qualitatively valid in the more realistic settings, given the substantial evidence for the Kondo effect in Pr 2 Ir 2 O 7 , including from the large entropy observed in the pertinent low-temperature regime [13] . It may also be instructive to explore related effects in other f -electron systems with geometrical frustration, such as UCu 5 at the ambient condition [31] and when suitably tuned through a QCP.
We close by proposing an engineered Kondo-insulator interface as a model material for the frustrated Kondo lattice Hamiltonian studied here. The motivation for the proposed setting comes from recent advances in the molecular beam epitaxy (MBE) of Kondo systems [32, 33] . As a promising candidate material we suggest the golden phase of SmS (g-SmS). In bulk samples this phase is stable under pressures between about 0.65 GPa [34] and 2 GPa [35] . As MBE thin-film the phase might be stabilized by lattice mismatch with an appropriate substrate. g-SmS crystallizes in a face-centered-cubic (fcc) structure of rock-salt (NaCl) type. A lattice plane is shown in Fig. (4) . g-SmS shows characteristics of a Kondo insulating state in transport [35, 36] , thermody-namics [37] , and point contact spectroscopy [36] . From thermal expansion and heat capacity measurements the energy gap was estimated to be 90 K on the low-pressure side of the g-SmS phase [37] . At temperatures low compared to this scale, the proposed lattice plane could then serve as a setting to realize the frustrated J 1 − J 2 Kondo lattice and study the anomalous Hall effect.
FIG. 4. Lattice plane of g-SmS.
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SUPPLEMENTAL MATERIAL
Chiral interaction from perturbative expansion. To obtain Eq. (5) of the main text, we integrate out the fspinons from Eq. (1) of the main text in the Kondo destroyed phase using the standard Feynman diagram procedure. Guided by the symmetry analysis, we only need to consider the third-order term 1/3!(s i · S i )(s j · S j )(s k · S k ). The effective chiral electronic interaction H cc is obtained by contracting the spinons in triangleloop diagrams as shown Fig. (S1) . Since the CSL is gapped, it is sufficient to restrict to the most local threesite loops, i.e. the triangle within a unit cell, at equal time only. Then we can obtain H chiral as follows:
Let e iθi = X i , so that X i s subject to the constraint |X i | 2 = 1 on average (using Lagrangian multiplier). Using
The exchange term is also expressed in terms of slave rotors
(S-9)
In the large-U -small-V limit, the system is in P S phase. We can integrate out the rotor fields, and recover both puted via the current-current correlation function
where the sum over ω is Matsubara sum.
For convenience, it is better to write both G and H in terms of the bloch bands projection operators P n (k) = |n, k n, k| (which is possible for fermion bilinear theory) with |n, k being the eigenvectors of nth band at momentum k:
After inserting the expression into Eq. (S-23), we find only the following term contributes
Tr ∂ ka P n0
Here f ( ) is the Fermi distribution function, and arises from the Matsubara sum. Sum of n i runs over band indices. After performing the Tr operation, we end up with the following result
where A a n,n = −i n|∂ ka n , A a * n,n = −i ∂ ka n|n is the matrix element of ∂ ka . Note only the diagonal elements are the Berry connection. Then we do analytic continuation iν → ω + iη, and take the imaginary part of π ab (ω)/ω. In the end, we let ω → 0. When we take imaginary part of π ab (ω)/ω, we have two different contributions:
where . . . denotes the rest three terms. Note that A
Therefore, after taking the limit π
ab /ω| ω→0 , we obtain
(S-32) which we can use the relation n|∂ ka H(k)|n = ( n − n )A a nn + δ n,n ∂ ka n to transform into the Streda formula. For π (2) ab /ω| ω→0 ,
(S-33) Note that for n = n , the factor is immediately zero when we take η → 0. Only n = n terms survive, and π 
(S-34)
The total Berry curvature distribution is compared with the Fermi surface in each phase, as shown in Fig. 3 and the blue and cyan denote those of P L,chiral from two different bands.
